In this paper, a geometric process repair model for a k-dissimilar-component series repairable system with one repairman is proposed. For each component, the successive operating times form a decreasing geometric process whereas the consecutive repair times constitute an increasing geometric process. Under this assumption, we consider a replacement policy M = (N 1 , N 2 , . . . , N k ) based respectively on the number of failures of component 1, component 2, . . ., and component k. Our problem is to determine an optimal replacement policy M Ã ¼ ðN
Introduction
The series repairable system is one of the classical repairable systems in reliability. Under the condition that the successive operating times and the consecutive repair times of each component are both exponentially distributed, Barlow and Proschan [1] studied some important reliability indices of the system. Khalil [2] considered various shut-off rules, so that some components can continue to operate while the system breaks down. And he calculated the limiting availability of the system. Chao and Fu [3] proposed a more general series system and determined the limiting reliability of the system. However, all these studies use the assumption that each failed component after repair is ''as good as new''. This is a perfect repair model. In practice, most systems are deteriorative due to ageing effects and accumulated wearing. In other words, a component (or a system) after repair may not be ''as good as new''. Under this assumption, Barlow and Hunter [4] first introduced a minimal repair model for an one-component repairable system in which the minimal repair does not change the age of the system. Brown and Proschan [5] first considered an imperfect repair model for an one-component repairable system in which a repair with probability p is a perfect repair, and with probability q = 1 À p is a minimal repair. Studies of repair replacement policies for a one-component repairable system are, for example, Park [6] , Phelps [7] , Block et al. [8] , Kijima [9] . Further, repair replacement problems for these models may be found in survey paper by Valdez-Flores and Feldman [10] .
However, for a deteriorating system, it is more reasonable to assume that the successive operating times for each component will often become shorter and shorter while the consecutive repair times will often become longer and longer. Thus, we should introduce a stochastically monotone process for modeling such a deteriorating system. Lam [11, 12] used a geometric process repair model (GPRM) to represent these deteriorating behaviors of the repairable systems. Under this model, he studied two replacement policies, one based on the working age T of the system and the other based on the number N of failures of the system. The objective is to choose optimal replacement policies T * and N * respectively such that the average cost rate (ACR) is minimized. The explicit expressions for the ACR under these two kinds of policy are derived, and the corresponding optimal replacement policies T * and N * are found analytically or numerically. Because the geometric process (GP) is a special monotone process, Stadje and Zuckerman [13] introduced a general monotone process repair model to generalize Lam's work. Zhang [14] generalized Lam's work by a bivariate replacement policy (T, N) under which the system is replaced at the working age T or at the time of the Nth failure, whichever occurs first. The GPRM has been extensively applied to the reliability indices and the maintenance problem for a deteriorating system, including one-component system and two-component series, parallel and standby systems, for example see Lam [15] , Stadje and Zuckerman [16] , Finkelstein [17] , Stanley [18] , Zhang [19] , Zhang et al. [20] , Zhang and Wu [21] , Lam and Zhang [22, 23] and Zhang [24] for details.
However, in various research works above, little attention has been paid to a replacement policy for multicomponent series system. The purpose of this paper is to apply the GPRM to a k-dissimilar-component series repairable system with one repairman. We consider a replacement policy M = (N 1 , N 2 , . . . , N k ) based respectively on the number of failures of component 1, component 2, . . ., and component k. Our objective is to determine an optimal replacement policy M Ã ¼ ðN
. . . ; N Ã k Þ such that the ACR is minimized. The explicit expression of the ACR is derived and the corresponding optimal replacement policy can be determined analytically or numerically. Finally, an appropriate numerical example is given. In this example, we conduct some sensitive analysis with respect to the parameters of the GP and study their effect on the optimal policy. Under some given parameter values, uniqueness of the optimal replacement policy M Ã ¼ ðN
For ease of reference, we first give some notations to be used in this paper and state the definitions of stochastic order and GP as follows: It is denoted by X P st Y or Y 6 st X (see e.g., Ross [25] ). Furthermore, we say that a stochastic process {X n , n = 1,2,. . .} is stochastically decreasing (increasing) if X n P st (6 st )X n+1 for all n = 1,2,. . ..
Definition 2.
A stochastic process {n n , n = 1,2,. . .} is a GP, if there exists a real a > 0 such that {a nÀ1 n n , n = 1,2,. . .} forms a renewal process (RP). The real a is called the ratio of the GP (see e.g., Lam [11] , Zhang [14] and Lam and Zhang [22] for more details).
Obviously, GP is a generalization of RP. It is also a simple monotone process. In fact, if a > 1, then {n n , n = 1,2,. . .} is stochastically decreasing, i.e. n n P st n nþ1 ; n ¼ 1; 2; . . . :
If 0 < a < 1, then {n n , n = 1,2,. . .} is stochastically increasing, i.e. a 2ðnÀ1Þ . Therefore, a, E(n 1 ) and Var(n 1 ) are three important parameters of GP.
Model
We make the following assumptions about the GPRM for a series repairable system consisting of k dissimilar components and one repairman.
Assumptions:
(1) At the beginning, all of components in the system are new. Whenever any component fails, it can be repaired and the system breaks down, here the others neither operate nor fail. Then k components are in operating state and the system re-starts to operate as soon as the repair of the failed one is completed. Assume that each component after repair is not ''as good as new'', here is to follow a GP repair. The time interval between the completion of the (n À 1)th repair and the completion of the nth repair on component i is called the nth cycle of component i (i = 1,2,. . ., k; n = 1,2,. . .). 
ACR under policy M
In the light of Assumption (1), we know that the operating time of the system in [0, t] should be equal to the operating time of any one of k components in [0, t]. Thus 
Then, the time t can be expressed by 
According to Eqs. (5) and (6), the ACR of the system under the replacement policy M is given by where
Substituting of the results above in Eq. (7), we have
Our objective is to find an optimal replacement policy M Ã ¼ ðN 
When N 1 is fixed, C(N 1 , N 2 ) is a function of N 2 . If N 1 = l, we can rewrite (9) as When N 1 = l, we can see from (10) that
where
Here
Thus, the problem of minimizing C l (N 2 ) is equivalent to the problem of minimizing A l (N 2 ). Now, we study the difference of A l (N 2 + 1) and A l (N 2 ). To do this, let
n ; e R 
And note that the following results are useful:
Now, we structure an auxiliary function
Because the denominator of A l (N 2 + 1) À A l (N 2 ) is always positive, it is clear that the sign of A l (N 2 + 1) À A l (N 2 ) is the same as the sign of its numerator. Therefore, the following lemma is straightforward.
Lemma 1 shows that the monotonicity of A l (N 2 ) is determined by the value of B l (N 2 ). According to Eqs. (12) and (13) , it is obvious that
2 ðhðN 2 þ 1Þ À a 2 hðN 2 ÞÞ P 0; where According to Lemmas 1 and 2, an analytic expression for an optimal policy for minimizing A l (N 2 ) is obtained through the study of B l (N 2 ). In conclusion, we have the following result. According to the definition of GP, the successive operating times of component i after repair will be shorter and shorter, while the consecutive repair times of component i after failure will become longer and longer. Ultimately, it cannot work any longer, neither can it be repaired. So, the total lifetime of the two-component series repairable system is limited. When a > 1 and 0 < b < 1, we can assume that
In other words, the minimum of C (N 1 , N 2 ) exists, we can find ðN 
Secondly, we consider a special case with k = 3, i.e. C(M) = C(N 1 , N 2 , N 3 ). When N 1 and N 2 are fixed,
. By a similar argument, for fixed l and m, we can find N Similarly, the total lifetime of the three-component series repairable system is limited. When a > 1,0 < b < 1, the minimum of C (N 1 , N 2 , N 3 ) exists. Therefore, we can determine the minimum of C (N 1 , N 2 , N 3 
Generally, we can obtain the optimal replacement policy ðN
is minimized for the k-component series repairable system. h
A numerical example
In this section, we consider a two-dissimilar-component series repairable system with one repairman. All of us know that such a series repairable system not only is one of the fundamental models in reliability theory but also is usually used model in practice. For example, a computer system may treat a series system consisting of hardware and software; a autocontrol system may also count a series system consisting of control component and operating component; an electronic system may also regard a series system consisting of power supply unit and function unit, etc.
We (1) = 1000 and r (2) = 800. Now, we can introduce an algorithm as follows to search the optimal policy ðN Step 3: Repeat similar Steps 1 and 2. We, for example l = 15, can obtain N In fact, when k = 2 Eq. (8) will become
Substituting the above parameter values into Eq. (16), we can obtain the results presented in Fig. 1 . It is easy to find that C(4, 3) = À27.9376 is the minimum of the ACR for the two-component series repairable system. In other words, optimal number of failure is ðN Table 1 .
Obviously, we can also see from our algorithm, Fig. 1 influence of these ratios of GP on the optimal policy, we tabulate the optimal replacement policy ðN Table 2 . Note that the GP will become a RP when a i = b i = 1, (i = 1, 2). In Table 2 , if a i becomes bigger (smaller), the successive operating times of the system (or component) will faster(more slowly) become shorter and shorter; if b i becomes smaller (bigger), the consecutive repair times of the system (or component) will faster (more slowly) become longer and longer, thereby the optimal failure number of the system N Ã 1 or N Ã 2 is nonincreasing (nondecreasing) or the ACR of the system is increasing (decreasing) (i.e. the benefit of the system is decreasing (increasing)). Now, we use the parameters and the results in Table 1 as a reference system. When all parameter values except the ratios a i and b i are not changed, while a i and b i follow the changes above, we see from Table 2 that the above conclusions are correct, i.e. either the optimal policy of the system (i.e. the failure number N = 1, 2) , when the other parameters are fixed. Therefore, introducing the GPRM is necessary and important for a deteriorating k-dissimilar-component series repairable system in this paper.
